The double Gamow-Teller strength distributions in even-A Calcium isotopes were calculated using the nuclear shell model by applying the single Gamow-Teller operator two times sequentially on the ground state of the parent nucleus. The number of intermediate states actually contributing to the results was determined. The sum rules for the double Gamow-Teller operator in the full calculation were approximately fulfilled. In the case that the symmetry is restored approximately by introducing degeneracies of the f -levels, and the p-levels in the f p-model space, the agreement with the sum rules was very close. *
I. INTRODUCTION
The double charge-exchange (DCX) processes are a promising tool to study nuclear structure in particular nucleon-nucleon correlations in nuclei. In the 1980s, the DCX reactions using pion beams that were produced in the three meson factories at LAMPF, TRIUMF, and SIN were performed. Studies at lower pion energies (E ≤ 50 MeV) have indeed produced clear signals of nucleon-nucleon correlations [1] [2] [3] [4] [5] and were successfully explained by the theoretical studies [6, 7] . The pion DCX experiments discovered the double isobaric analog states (DIAS) [8, 9] . At higher pion energies (E > 300 MeV), the studies discovered the giant dipole resonances (GDR) built on the IAS [10] [11] [12] [13] , and double giant dipole resonances (DGDR) [14] [15] [16] [17] (See Refs. [10, 14] for definitions).
At present, there is a renewed interest in DCX reactions, to a large extent due to the extensive studies of double beta-decay, both the decay in which two neutrinos are emitted (2νββ) and neutrinoless double beta (0νββ) decay. In DCX and ββ decay, two nucleons are involved. The pion, however, interacts weakly with states involving the spin and the pion DCX reactions do not excite the states involving the spin, such as the double Gamow-Teller (DGT) state. The DGT strength is the essential part of the ββ decay transitions. It was suggested in the past that one could probe the DGT state and hopefully the 0νββ decay using DCX reactions with light ions [18, 19] .
In present days, DCX reactions are performed using light ions. There is a large program called NUMEN in Catania where reactions with 18 O, and 18 Ne have been done [20] . The hope is that such studies might shed some light on the nature of the nuclear matrix element of the double beta-decay and serve as a "calibration" for the size of this matrix element.
These DCX studies might also provide new interesting information about nuclear structure.
One of the outstanding resonances relevant to the 0νββ decay is the double Gamow-Teller (DGT) resonance suggested in the past [18, 21] . At RIKEN, there is a DCX program using ion beams for the purpose of observing DGT states and other nuclear structure studies [22] .
At Osaka University, the new DCX reactions with light ions were used to excite the double charge exchange state and compare to the pion DCX reaction results. One additional peak appeared in the cross-section suggesting that it is a DGT resonance [23] .
The DGT strength distributions in even-A Neon isotopes was discussed in Ref. [24] and recently the calculation of DGT strength for 48 Ca was performed in Ref. [25] . In the present paper, the DGT transition strength distributions in even-A Calcium isotopes are calculated in the full f p-model space using the nuclear shell model code NuShellX@MSU [26, 27] . The single Gamow-Teller operator is applied two times sequentially on the ground state of the parent nucleus to obtain the DGT strength. This method is different from the method used in Refs. [24, 25] .
The properties of the DGT distribution are examined and limiting cases when the SU (4) holds or when the spin orbit-orbit coupling is put to zero are studied. DGT sum rules were derived in Refs. [24, 28, 29] , and recently discussed in Ref. [30] . The DGT sum rules were used here as a tool to asses whether in our numerical calculations most of the DGT strength is found.
II. METHOD OF CALCULATION
The notion of a DGT was introduced in Refs. [18, 21] . First of all, the nuclear shell model wave functions of the initial ground state, J = 1 + intermediate states, and J = 0 + , 2 + final states were obtained using the shell model code NuShellX@MSU [26, 27] with the FPD6 [31] and KB3G [32] interactions, in the complete f p-model space. operator is denoted as
with t − n = p and t + p = n where 2t x and 2t y are the Pauli isospin operators and σ is Pauli spin operator. Then the single GT transition amplitude from the initial state |i to the final state |f is
and the GT transition strength given by
obeys the "3(N − Z)" sum rule:
where the f means summing over all eigenstates of J f T f . Because the f p-model space is limited, only the valence neutrons participate in the calculation for Calcium isotopes.
Therefore, we have S GT + = 0.
The dimensionless DGT transition amplitude is defined as
where n are the intermediate states. Note that this is a coherent sum. Finally, the DGT strength is given by
or in more detail
Note that B(DGT − ; i → n → f ) depends on J f with J f = 0 and 2 only. The matrix element in the case J f = 1 vanishes because the DGT operator changes sign under the interchange of coordinates of two particles.
The DGT sum rule for J f = 0 is given in Refs. [28, 29] and J f = 0, 2 are given in
Refs. [24, 30] . In summary, the generalization of the sum rules for DGT operators are:
There is a factor of three difference between our work and the work in Refs. [24, 25] because the spin operator is not projected in our calculation. The first terms of the sum rules depend only on N and Z, and the second terms (2∆ or 5∆) need to be calculated separately. The sign of the second term makes the first one to be the upper limit for J f = 0 + and lower limit for
III. RESULTS AND DISCUSSIONS
It is well-known that the single GT strength is quenched (see Ref. [33] ). In the shell model calculations, GT strength is fragmented. This is demonstrated in the case of For the study of the DGT, first, we calculated the sum rule using it as a tool to asses whether in our numerical calculations most of the DGT strength is found. The ∆ in Eq. (8) can be obtained directly by subtracting from total sum the first term that depends only on N and Z (see Table II ). In Ref. [29] , ∆ was related to the magnetic dipole transition S(M1). Table I in Ref. [29] and Table I in Ref. [30] gave the values of the sum rules for even-A isotopes including Calcium isotopes. Our results given in Table II are in agreement with them (Note that there is a factor of three difference between our work and Ref. [30] ).
It means we exhaust all the DGT strength in the study. Obviously, the total DGT strength does not depend on the choice of interaction.
Because all the strengths are obtained, we can show not only the values of the total sum but also the cumulative sums of the DGT. The cumulative sums are given in Fig. 3 , and lines are the shell model calculations described in Section II using the FPD6 interaction.
They are denoted as "FPD6 with LS". The results using the KB3G interaction are also shown as dotted lines. The long-dash lines are the calculation with the FPD6 interaction in the SU(4) limit. The SU(4) limit in our work is restored approximately by making the f 5/2 and f 7/2 ; p 1/2 and p 3/2 degenerate following Ref. [34] . It means there is no spin-orbit coupling and therefore they were denoted as "FPD6 without LS". We want to show that in the SU(4) limit, the cumulative sums approach the horizontal lines (denoted as the "SU (4) limit") that represent the values of the terms that depend only on N and Z in Eq. (8).
It is in agreement with the fact that ∆ vanishes in the SU(4) limit according to Ref. [35] .
In the cases of 44 Ca (Fig. 3, and Fig. 4 (Figs. 5-7) , the cumulative sums are still increasing. For the case of the DGT to the 2 + in 48 Ca, we choose not to do the calculation because the total number of final states are too large. The result is not convergent using the standard NUSHELLX@MSU code [36] .
Most of the sum rule is satisfied, and therefore the entire distributions of DGT strength now can be discussed. We remind that Ref. [24] showed the entire DGT distributions for even-A Neon and recently Ref. [25] showed the result for 48 Ca for the first time. For the lightest nucleus, 42 Ca, the DGT distributions with FPD6 and KB3G interactions are shown in Table III and IV. The difference between the results of the two interactions is not large. Table II ). This strength enters in the calculation of the ββ decay. In Ref. [25] , it is pointed out that a very good linear correlation between the DGT transition to the ground state of the final nucleus and the 0µββ decay matrix element exists.
When the strengths are spread by using the same Lorentzian averaging with the width of 1 MeV to simulate the experimental energy resolution, the results show that the DGT distributions are not single-peaked. The distributions have at least two peaks and in some nuclei as many as four major peaks. We should remind that the single GT resonances have at least two peaks [37] . smaller (see Ref.
[38])). Fig. 16 and Fig. 17 show the DGT transitions to J The centroid or average energies of the DGT distributions defined by
are given in Table II We see that the distributions and the average energies (see Table II ) using FPD6 and KB3G are similar. Our calculated distribution for 48 Ca is in agreement with the recent result using the same KB3G interaction but a different method (when the factor of three is taken into account). As one can see in Fig. 20 In addition, the calculations in the f -model space (including the f 7/2 and the f 5/2 orbits only) using the same Hamiltonian are given in Fig. 21 Table II in Calcium isotopes using the FPD6 interaction.
IV. CONCLUSIONS
The general features and trends of the DGT sum rules in even-A Calcium isotopes are described using the numerical results. The properties of the entire distributions of the DGT are discussed. By studying the stronger DGT transitions, in particular, the DGT giant resonance experimentally and theoretically, the calculations of ββ-decay nuclear matrix elements can be calibrated to some extent. There is no doubt that the pion DCX is a sensitive probing tool of nuclear structure. Nowadays the ion DCX reactions have been discussed mainly in the context of 0νββ, however, the ion DCX reaction itself is a new probing tool of nuclear structure, in particular of spin degrees of freedom. The DGT resonance is just one example. Because two nucleons participate in the DCX reactions with pions or heavy ions, one can expect that the nucleon-nucleon interaction and correlations can be probed, especially for the nucleus that is far from the stability regime.
